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We are interested in heterotic vacua that realise $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {N}{=}1$$\end{document}$ supersymmetric field theories in . At large radius, these take form where is a compact smooth complex threefold with vanishing first Chern class. We study the $\documentclass[12pt]{minimal}
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                \begin{document}$$E_8{\times } E_8$$\end{document}$ heterotic string, and so there is a holomorphic vector bundle with a structure group and a $\documentclass[12pt]{minimal}
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                \begin{document}$$d=4$$\end{document}$ spacetime gauge symmetry given by the commutant . The bundle has a connection *A*, with field strength *F* satisfying the Hermitian Yang--Mills equation. The field strength *F* is related to a gauge-invariant three-form *H* and the curvature of through anomaly cancellation. The triple forms a heterotic structure, and the moduli space of these structures is described by what we call heterotic geometry. In this paper, we compute the contribution of fields charged under the spacetime gauge group $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathfrak G}$$\end{document}$ to the heterotic geometry.

The challenge in studying heterotic vacua is the complicated relationship between *H*, the field strength *F* and the geometry of . Supersymmetry relates the complex structure *J* and Hermitian form $\documentclass[12pt]{minimal}
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                \begin{document}$$\omega $$\end{document}$ of to the gauge-invariant three-form *H*:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} H = \text {d}^c \omega , \qquad \text {d}^c\omega = \frac{1}{2}J_{m_1}{}^{n_1}J_{m_2}{}^{n_2} J_{m_3}{}^{n_3} (\partial _{n_1}\omega _{n_2n_3})\, \text {d}x^{m_1} \text {d}x^{m_2} \text {d}x^{m_3}. \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$x^m$$\end{document}$ are real coordinates on . Green--Schwarz anomaly cancellation gives a modified Bianchi identity for *H* $$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \text {d}H =- \frac{{\alpha ^{\backprime }\,}}{4} \left( \,\text {Tr}\,F^2 - \,\text {Tr}\,R^2\, \right) , \end{aligned}$$\end{document}$$where in the second of these equations *R* is the curvature two-form computed with respect to a appropriate connection with torsion proportional to *H*. This means the tangent bundle has torsion if *H* is nonzero. Unless one is considering the standard embedding---in which is identified with the tangent bundle to ---the right-hand side of ([1.2](#Equ2){ref-type=""}) is nonzero even when is a Calabi--Yau manifold at large radius. This means that *H* is generically non-vanishing, though subleading in $\documentclass[12pt]{minimal}
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                \begin{document}$${\alpha ^{\backprime }\,}$$\end{document}$, and so even for large radius heterotic vacua is non-Kähler. Torsion is inescapable.

The effective field theory of the light fields for these vacua is described by a Lagrangian with $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {N}=1$$\end{document}$ supersymmetry, whose bosonic sector is of the form$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \mathcal {L}= \frac{1}{2\kappa _4^2} \sqrt{-G_4} \left( \mathcal {R}_4 -\frac{1}{4}\,\text {Tr}\,|F_{\mathfrak {g}}|^2 - 2G_{A {\overline{B}}} \widehat{\mathcal {D}}_e \Phi ^A \widehat{\mathcal {D}}_e \Phi ^{\overline{B}} - V(\Phi ,\bar{\Phi }) + \cdots \right) .\nonumber \\ \end{aligned}$$\end{document}$$Here $\documentclass[12pt]{minimal}
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                \begin{document}$$\kappa _4$$\end{document}$ is the four-dimensional Newton constant, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {R}_4$$\end{document}$ is the four-dimensional Ricci scalar, $\documentclass[12pt]{minimal}
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                \begin{document}$$F_{\mathfrak {g}}$$\end{document}$ is the spacetime gauge field strength, the $\documentclass[12pt]{minimal}
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                \begin{document}$$\Phi ^A$$\end{document}$ is range over the scalar fields of the field theory, and their kinetic term comes with a metric $\documentclass[12pt]{minimal}
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                \begin{document}$$G_{A{\overline{B}}}$$\end{document}$. The fields $\documentclass[12pt]{minimal}
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                \begin{document}$$\Phi ^A$$\end{document}$ may be charged under $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathfrak {g}}$$\end{document}$, the algebra of the gauge group $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathfrak G}$$\end{document}$, with an appropriate covariant derivative $\documentclass[12pt]{minimal}
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                \begin{document}$$\widehat{\mathcal {D}}_e$$\end{document}$. Finally $\documentclass[12pt]{minimal}
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                \begin{document}$$V(\Phi ,\bar{\Phi })$$\end{document}$ is the bosonic potential for the scalars.

When the moduli space of the heterotic theory reduces to that of a Calabi--Yau manifold and is described by special geometry. The unbroken gauge group in spacetime is $\documentclass[12pt]{minimal}
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                \begin{document}$$E_6$$\end{document}$, and the charged matter content consists of fields charged in the $\documentclass[12pt]{minimal}
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                \begin{document}$${{\varvec{27}}}$$\end{document}$ and $\documentclass[12pt]{minimal}
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                \begin{document}$${{\overline{\varvec{27}}}}$$\end{document}$ representations. The Yukawa couplings were calculated in supergravity in, for example, \[[@CR1], [@CR2]\]. The effective field theory of this compactification was described in a beautiful paper \[[@CR3]\], in which relations between the Kähler potential and superpotential were computed using string scattering amplitudes, (2, 2) supersymmetry and Ward identities. The Kähler and superpotential were shown to be related to each other and in fact were both determined in terms of a pair of holomorphic functions. These are known as the special geometry relations. For a review of special geometry in the language of this paper, see \[[@CR4]\]. A key question is how these relations generalise to other choices of bundle .

We work towards answering this question by computing the effective field theory couplings correct to first order in $\documentclass[12pt]{minimal}
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                \begin{document}$${\alpha ^{\backprime }\,}$$\end{document}$. In a previous paper \[[@CR5]\] we commenced a study of heterotic geometry using $\documentclass[12pt]{minimal}
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                \begin{document}$${\alpha ^{\backprime }\,}$$\end{document}$-corrected supergravity. This is complementary to a series of papers \[[@CR6]--[@CR10]\] who identified the parameter space with certain cohomology groups. In the context of effective field theory ([1.3](#Equ3){ref-type=""}), one of the results of \[[@CR5]\] was to calculate the contribution of the bosonic moduli fields to the metric $\documentclass[12pt]{minimal}
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                \begin{document}$$G_{A{\overline{B}}}$$\end{document}$. In this paper, we compute the contribution of the matter sector to the metric $\documentclass[12pt]{minimal}
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                \begin{document}$$G_{A{\overline{B}}}$$\end{document}$, and the Yukawa couplings, correct to order $\documentclass[12pt]{minimal}
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                \begin{document}$${\alpha ^{\backprime }\,}$$\end{document}$. We describe an ansatz for the superpotential and Kähler potential for effective field theory:The superpotential is normalised by comparing with the Yukawa couplings computed in the dimensional reduction using the conventions of Wess--Bagger \[[@CR31]\].
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                \begin{document}$$\begin{aligned} \begin{aligned} \text {d}s^2&= 2G_{\alpha {\overline{\beta }}} \,\text {d}y^\alpha \otimes \text {d}y^{\overline{\beta }}, \\ G_{\alpha {\overline{\beta }}}&= \frac{1}{4V} \int \Delta _\alpha {}^\mu \star \Delta _{\overline{\beta }}{}^\nu \,\, g_{\mu {\bar{\nu }}} + \frac{1}{4V} \int \mathcal {Z}_\alpha \star \mathcal {Z}_{\overline{\beta }}\,+ \\&\qquad + \frac{ {\alpha ^{\backprime }\,}}{4V}\int \,\text {Tr}\,\Big ( D_\alpha A \star D_{\overline{\beta }}A \Big ) - \frac{ {\alpha ^{\backprime }\,}}{4V}\int \,\text {Tr}\,\Big (D_\alpha \Theta \,\star \, D_{\overline{\beta }}\Theta ^\dag \Big ), \end{aligned} \end{aligned}$$\end{document}$$where is the $\documentclass[12pt]{minimal}
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                \begin{document}$${\alpha ^{\backprime }\,}$$\end{document}$-corrected, gauge-invariant generalisation of the complexified Kahler form $\documentclass[12pt]{minimal}
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                \begin{document}$$\chi _\alpha $$\end{document}$ form a basis of closed (2, 1)-forms, and the last line is the Kobayashi metric, extended to the entire parameter space, including deformations of the spin connection on . The metric expressed this way is an inner product of tensors corresponding to complex structure $\documentclass[12pt]{minimal}
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                \begin{document}$$\Delta _\alpha $$\end{document}$, Hermitian moduli , and bundle moduli $\documentclass[12pt]{minimal}
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                \begin{document}$$D_\alpha A$$\end{document}$. The role of the spin connection $\documentclass[12pt]{minimal}
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                \begin{document}$$D_\alpha \theta $$\end{document}$ is presumably determined in terms of the other moduli as they do not correspond to independent physical fields. The tensors depend on parameters holomorphically throughde la Ossa and Svanes \[[@CR6]\] showed that there exists a choice of basis for the parameters in which each of the tensors in the metric are in an appropriate cohomology;[1](#Fn1){ref-type="fn"} hence, the moduli space metric ([5.2](#Equ90){ref-type=""}) is the natural inner product (Weil--Peterson) on cohomology classes.
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                \begin{document}$$C^\xi $$\end{document}$ and and appear in the Kähler potential trivially, as they do in special geometry. The matter metric is the Weil--Petersson inner product of corresponding cohomology elementswhere $\documentclass[12pt]{minimal}
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                \begin{document}$$\phi _\xi , \psi _\rho $$\end{document}$ are (0, 1)-forms valued in a sum over representations of the structure group $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {H}$$\end{document}$.

In some sense it was remarkable that one was able to find a compact closed expression for the Kähler potential for the moduli metric. This was not a priori obvious, especially given the nonlinear PDEs relating parameters in the anomalous Bianchi identity and supersymmetry relations ([1.1](#Equ1){ref-type=""})--([1.2](#Equ2){ref-type=""}). Indeed, it turned out that the Kähler potential for the moduli in ([1.4](#Equ4){ref-type=""}) is of the same in form as that of special geometry, except where one has replaced the Kähler form by the Hermitian form $\documentclass[12pt]{minimal}
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                \begin{document}$$\Omega $$\end{document}$. Nonetheless, the Kähler potential still depends on bundle moduli in precisely the right way through a non-trivial analysis of the supersymmetry and anomaly conditions. The Hermitian form $\documentclass[12pt]{minimal}
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                \begin{document}$$\omega $$\end{document}$ contains, hidden within, information about both the bundle and Hermitian moduli.[2](#Fn2){ref-type="fn"}

The metric ([5.2](#Equ90){ref-type=""}) is compatible with the result in \[[@CR11]\], who studied the $\documentclass[12pt]{minimal}
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                \begin{document}$${\alpha ^{\backprime }\,}^2$$\end{document}$ corrections to the moduli space metric in the particular case where the Hermitian part of the metric varies, while the remaining fields are fixed: $\documentclass[12pt]{minimal}
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                \begin{document}$$(\partial _a \omega )^{1,1} \ne 0$$\end{document}$, . In general all fields vary with parameters and the metric is nonzero already at $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {O}({\alpha ^{\backprime }\,})$$\end{document}$.

The analysis in \[[@CR5]\] focussed primarily on D-terms relevant to moduli. In this paper, we compute the remaining D-terms, including the metric terms for the bosonic matter fields charged under $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathfrak {g}}$$\end{document}$. We also compute the F-terms up to cubic order in fields, exploiting the formalism constructed in \[[@CR5]\]. The primary utility of this is to derive an expression for the Yukawa couplings in a manifestly covariant fashion. Together with the metrics discussed above, one is now finally able to compute properly normalised Yukawa couplings, relevant to any serious particle phenomenology. The F-terms are protected in $\documentclass[12pt]{minimal}
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                \begin{document}$${\alpha ^{\backprime }\,}$$\end{document}$-perturbation theory, and so the only possible $\documentclass[12pt]{minimal}
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                \begin{document}$${\alpha ^{\backprime }\,}$$\end{document}$-corrections are due to worldsheet instantons.
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                \begin{document}$${\mathfrak {g}}$$\end{document}$, the singlet fields, also do not have any mass or cubic Yukawa couplings. In fact, all singlet couplings necessarily vanish. They correspond to moduli which are necessarily free parameters and so the singlets need to have unconstrained vacuum expectation values. If there were a nonzero singlet coupling at some order in the field expansion, e.g. $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathfrak {e}}_6$$\end{document}$ theory $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$$y^\alpha $$\end{document}$ would have its value fixed, a contradiction on it being a free parameter.[3](#Fn3){ref-type="fn"}

The superpotential in ([1.4](#Equ4){ref-type=""}) is an ansatz designed to replicate these couplings. Its functional form can be partly argued by symmetry. There is a complex line bundle over the moduli space in which the holomorphic volume form on , denoted $\documentclass[12pt]{minimal}
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                \begin{document}$$\Omega \rightarrow \mu \Omega $$\end{document}$ where . The superpotential is also a section of this line bundle, and transforms in the same way . Hence, has an integrand proportional to $\documentclass[12pt]{minimal}
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                \begin{document}$$\Omega $$\end{document}$. To make the integrand a nice top-form we need to wedge it with a gauge-invariant three-form. The three-form needs to contain a dependence on the matter fields, and this can only occur through the ten-dimensional *H* field. The other natural gauge-invariant three-forms that are not defined in a given complex structure are $\documentclass[12pt]{minimal}
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                \begin{document}$$\text {d}^c\omega $$\end{document}$. is also required not to give rise to any singlet couplings. So all derivatives of with respect to parameters must vanish. The combination $\documentclass[12pt]{minimal}
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                \begin{document}$$H - \text {d}^c \omega $$\end{document}$ manifestly satisfies this request. Derivatives with respect to matter fields of do not vanish. As these are charged in $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathfrak {g}}$$\end{document}$, the only nonzero contributions come from *H*. This allows us to fix the normalisation of by comparing with the dimensional reduction calculation of the Yukawa couplings. Finally, must be a holomorphic function of chiral fields, which is straightforward to check. It is convenient that the single expression for the superpotential captures both the matter and moduli couplings, and fact seemingly not realised before.

A complementary perspective on was studied by \[[@CR8]\]. In that paper, one starts with an $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathfrak {su}}(3)$$\end{document}$-structure manifold , posits the existence of , and uses it as a device to reproduce the conditions needed for the heterotic vacuum to be supersymmetry. This builds on earlier work in the literature, see, for example, \[[@CR14]--[@CR16]\]. The superpotential ansatzed in those papers is of a different form to that described here, and the cubic and higher-order singlet couplings nor Yukawa couplings were not consistently computed. We choose to work with the expression above as it manifestly replicates the vanishing of all singlet couplings.

The layout of this paper is the following. In Sect. [2](#Sec3){ref-type="sec"} we review the necessary background to study heterotic vacua, reviewing the results of \[[@CR5]\]. In Sect. [3](#Sec11){ref-type="sec"}, we dimensionally reduce the Yang--Mills sector to obtain a metric on the matter fields. In Sect. [4](#Sec14){ref-type="sec"}, the reduction is applied to the gaugino to get the quadratic fermionic couplings, including the Yukawa couplings. In Sect. [5](#Sec21){ref-type="sec"}, we summarise the results. In Sect. [6](#Sec22){ref-type="sec"} we show how these couplings are represented in the language of a Kähler potential and superpotential .
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Heterotic geometry {#Sec3}
==================

The purpose of this section is to establish conventions and notation through a review of heterotic moduli geometry, most of which is explained in \[[@CR5]\]. In terms of notation, there are occasional refinements and new results towards the end of the section. We largely work in the notation of \[[@CR5]\], with a few exceptions, most important of which is that real parameters are denoted by $\documentclass[12pt]{minimal}
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The heterotic action is fixed by supersymmetry up to and including $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {R}$$\end{document}$ is the Ricci scalar evaluated using the Levi--Civita connection and *F* is the Yang--Mills field strength with the trace taken in the adjoint of the gauge group.
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We write the metric on as$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \text {d}s^2 = 2g_{\mu {\bar{\nu }}} \text {d}x^\mu \text {d}x^{\bar{\nu }}. \end{aligned}$$\end{document}$$The manifold has a holomorphic (3, 0)-form$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \Omega = \frac{1}{3!} \Omega _{\mu \nu \rho } \text {d}x^\mu \text {d}x^\nu \text {d}x^\rho , \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Omega _{\mu \nu \rho }$$\end{document}$ depends holomorphically on parameters and coordinates of . $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Omega $$\end{document}$ is a section of a line bundle over the moduli space, meaning that there is a gauge symmetry in which $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Omega \rightarrow \mu \Omega $$\end{document}$ where is a holomorphic function of parameters.
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Derivatives of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Omega $$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Delta _\alpha $$\end{document}$ {#Sec4}
---------------------------------------------------------------------------------------------
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The vector bundle {#Sec5}
-----------------

Let denote a vector bundle over , with structure group $\documentclass[12pt]{minimal}
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Under a gauge transformation, *A* has the transformation rule$$\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} F=\text {d}A + A^2, \end{aligned}$$\end{document}$$and this transforms in the adjoint of the gauge group: $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F\rightarrow \Phi F\Phi ^{-1}$$\end{document}$.

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {A}$$\end{document}$ be the (0, 1) part of *A* then, since *A* is anti-Hermitian,$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} A = \mathcal {A}- \mathcal {A}^{\dag }. \end{aligned}$$\end{document}$$On decomposing the field strength into type, we find $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F^{0,2} = \overline{\partial }\mathcal {A}+ \mathcal {A}^2$$\end{document}$. The bundle is holomorphic if and only if there exists a connection such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F^{(0,2)}=0$$\end{document}$. The Hermitian Yang--Mills equation is$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \omega ^2 F =0. \end{aligned}$$\end{document}$$

The *B* and *H* fields {#Sec6}
----------------------

There is a gauge-invariant three-form$$\documentclass[12pt]{minimal}
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Anomaly cancellation condition means that the *B* field is assigned a transformation$$\documentclass[12pt]{minimal}
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Derivatives of *A* {#Sec7}
------------------

The heterotic structure depends on parameters. This means the gauge connection *A* and its gauge transformations $\documentclass[12pt]{minimal}
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The holotypical derivative can be extended to act on (*p*, *q*)-forms. Define$$\documentclass[12pt]{minimal}
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Derivatives of *H* {#Sec8}
------------------

It is of use to compute derivatives of *H* with respect to parameters. First define a gauge covariant derivative of *B* via$$\documentclass[12pt]{minimal}
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Supersymmetry relations {#Sec10}
-----------------------

One can apply these results to compute how the supersymmetry condition $\documentclass[12pt]{minimal}
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The heterotic structure are holomorphic functions of parameters. This can be compactly stated as

The matter field metric {#Sec11}
=======================

In this section we dimensionally reduce the Yang--Mills term in ([2.1](#Equ8){ref-type=""}) to obtain the metric for the matter fields. Our task divides into two steps. First, determine how $\documentclass[12pt]{minimal}
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------------------------------------------------------------------------------------------------------------------
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Fermions and Yukawa couplings {#Sec14}
=============================

The fermionic couplings of interest to heterotic geometry derive from the kinetic term for the gaugino. We compute the quadratic and cubic fluctuation terms. The former are mass terms for the gauginos, which we show all vanish consistent with the vacuum being supersymmetric. The latter are the Yukawa couplings between two gauginos and a gauge boson.

In "Appendix [B](#Sec27){ref-type="sec"}" all spinor conventions we used are explained. We also give a summary of results in spinors in $\documentclass[12pt]{minimal}
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Fermion zero modes on {#Sec15}
---------------------
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Dimensional reduction of {#Sec18}
------------------------

The ten-dimensional kinetic term for the gaugino is now dimensionally reduced, with action: The quadratic fluctuations give the kinetic terms as well as any mass terms; the cubic fluctuations give Yukawa interactions.

We split the bilinear into two termswhere is the Dirac conjugate. are the $\documentclass[12pt]{minimal}
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### Quadratic couplings {#Sec19}

As the background is bosonic, we take *A* to be the background gauge field$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} A = \begin{pmatrix} \mathcal {A}- \mathcal {A}^\dag &{} \quad 0 \\ 0 &{} \quad B_e \text {d}X^e \end{pmatrix}. \end{aligned}$$\end{document}$$We start with the derivative operatorThe first term is computed using ([4.2](#Equ59){ref-type=""}) and the third lines of ([B.36](#Equ142){ref-type=""}), ([B.37](#Equ143){ref-type=""}),Spinor and representation indices are contracted in the natural way.

The second term follows from the fourth lines of ([B.36](#Equ142){ref-type=""}), ([B.37](#Equ143){ref-type=""}) together with the relation in ([A.5](#Equ105){ref-type=""}):Next we compute the reduction ofThe first terms follows the calculation of ([4.17](#Equ74){ref-type=""}) after using ([4.15](#Equ72){ref-type=""}) and $\documentclass[12pt]{minimal}
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                \begin{document}$${\hat{D}}_e$$\end{document}$ is a spacetime covariant derivative appropriate to whatever representation if it acts onThe matter and moduli fields have kinetic terms with non-trivial metrics:The fermions have identical metrics to their bosonic superpartners. The bundle moduli appear with a metric that coincides with that derived by Kobayashi and Itoh \[[@CR19], [@CR20]\].

The mass terms come from adding together ([4.17](#Equ74){ref-type=""}) and ([4.20](#Equ77){ref-type=""}). We normalise the mass term to be compatible with the convention in \[[@CR31]\]:where is the Kähler potential, which on our background evaluates to be . The mass terms areThe last term is normalised with a factor of 2 as the two indices are distinguished. As before, we do not write the trace, understanding the indices contracted in the natural way.

Recall that the equations of motion areSubstituting this in we findThe vanishing of $\documentclass[12pt]{minimal}
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### Cubic fluctuations and Yukawa couplings {#Sec20}

We now compute the cubic order fluctuations to get the Yukawa couplings. The calculation proceeds in a similar fashion to the above. The cubic interaction only comes from:The fluctuations only occur on the internal space . The gauge structure of $\documentclass[12pt]{minimal}
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Putting it together, normalising to agree with \[[@CR31]\], we findwhere $\documentclass[12pt]{minimal}
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The final result: moduli, matter metrics and Yukawa couplings {#Sec21}
=============================================================
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The Yukawa nonzero couplings in ([4.31](#Equ88){ref-type=""}) are

The superpotential and Kähler potential {#Sec22}
=======================================
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We would like to study a superpotential in a similar vein to the Kähler potential proposal ([6.1](#Equ93){ref-type=""}). As ten-dimensional fields $\documentclass[12pt]{minimal}
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The rules for differentiating fields in the expressions for and with respect to parameters have been described in \[[@CR5]\], which is complicated by virtue of $\documentclass[12pt]{minimal}
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For example, the tadpole matter and moduli couplings for a vacuum at the point $\documentclass[12pt]{minimal}
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As an ansatz must satisfy a number of tests: it must be a section of a line bundle over the moduli space; any derivative with respect to parameters must vanish viz. ; be a holomorphic function of chiral fields; tadpole and mass terms for the matter fields must vanish; capture the F-term couplings derived through dimensional reduction in this paper. The expression ([6.4](#Equ96){ref-type=""}) passes these tests.[7](#Fn7){ref-type="fn"}

is a section of the line bundle transforming under the gauge symmetry $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \partial _{\alpha _1} \cdots \partial _{\alpha _n} (H-\text {d}^{\text{ c }}\omega )|_{y=y_0}= 0, \qquad \partial _{{\overline{\beta }}_1} \cdots \partial _{{\overline{\beta }}_n} (H-\text {d}^{\text{ c }}\omega )|_{y=y_0} = 0, \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$y=y_0$$\end{document}$. It then follows that any derivative of the superpotential with respect to parameters vanishes. This is what is used in ([6.5](#Equ97){ref-type=""}) to show that all tadpole terms vanish. The argument clearly extends to higher order. Consider the *k*th derivativeThis vanishes on any supersymmetric background: is independent of moduli fields, and so does not give rise to any singlet couplings in agreement with the dimensional reduction.

An analogous argument, together with $\documentclass[12pt]{minimal}
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                \begin{document}$$n\ge 1$$\end{document}$. So, is a holomorphic function of chiral fields.

The expression for the masses can be written as derivatives of *W* where for the second term we use that $\documentclass[12pt]{minimal}
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                \begin{document}$$D_a A \rightarrow \partial _\xi A = \phi _\xi $$\end{document}$. As *A* depends linearly on the matter fields, all second derivatives vanish.

The Yukawa couplings are also all derived from . Using ([2.25](#Equ32){ref-type=""}), we find agreement with the functional forms in ([4.31](#Equ88){ref-type=""}), of which the non-vanishing terms areEven though the singlet couplings vanish, one can check that their functional form is correctly derivable from . The fact of 1 / 2 is in order to agree with the convention given in \[[@CR31]\]. It is satisfying that the superpotential consistently captures the couplings derived in the dimensional reduction, both involving moduli and matter fields. Furthermore, it manifestly does not give rise to any singlet couplings.

Outlook {#Sec23}
=======

We have calculated the effective field theory of heterotic vacua of the form at large radius, correct to order $\documentclass[12pt]{minimal}
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                \begin{document}$${\alpha ^{\backprime }\,}$$\end{document}$. For obtained by deforming , some of these non-perturbative corrections have been computed as functions of moduli using linear sigma models, see, for example, \[[@CR23]--[@CR27]\]. One can now use the results obtained here and those in \[[@CR5]\] to determine the normalised quantum corrected Yukawa couplings, in examples that may be of phenomenological interest, see, for example, \[[@CR28]\]. Although the Kähler potential is corrected perturbatively in $\documentclass[12pt]{minimal}
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Although we have derived this result using a single pair of matter fields, the result clearly generalises to a sum over representations $\documentclass[12pt]{minimal}
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                \begin{document}$$\oplus _p {{\varvec{R}}}_p \oplus _p {{\overline{\varvec{R}}}}_p$$\end{document}$. The main burden of the generalisation is to evaluate the trace using the appropriate branching rules.

Many questions arise. For example, are there any special geometry type relations between and ? Finding a prepotential analogous to special geometry looks difficult, partly because it involved analysis related on the geometry of the standard embedding and Calabi--Yau manifold 's. Nonetheless, it is likely and are related.

It would be interesting to compute the field theory couplings in specific examples. For attained by deforming one might be able to compare with the linear sigma model parameter space studied in say \[[@CR24], [@CR29], [@CR30]\] and study the quantum corrections to the $\documentclass[12pt]{minimal}
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                \begin{document}$${{\varvec{1}}}^3$$\end{document}$ coupling vanishes classically. A pressing question is to what extent these couplings vanish exactly. Any non-vanishing would imply the vacuum does not exist, and thereby shrink the moduli space of heterotic vacua quantum mechanically.

A Hodge theory on real and complex manifolds {#Sec24}
============================================

We establish some notation and results for forms on real and complex manifolds to be used in the text. Coordinates for are denoted $\documentclass[12pt]{minimal}
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                \begin{document}$$x^\mu , x^{\bar{\nu }}$$\end{document}$.

We need to write coordinate expressions for forms more than metrics, and so our convention is to omit the wedge symbol $\documentclass[12pt]{minimal}
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                \begin{document}$$\otimes $$\end{document}$ only where confusion will not arise.

A.1 Real manifolds {#Sec25}
------------------

The volume form on a *n*-dimensional Riemannian manifold is$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \text {d}^6x g^\frac{1}{2}= \star 1 = \frac{\sqrt{g}}{n!} \,\epsilon _{m_1\ldots m_{n}}\, \text {d}x^{m_1} \ldots \text {d}x^{m_{n}},\qquad g = |\det g_{mn}|. \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \text {d}^6x g^\frac{1}{2}\, \,\frac{\sqrt{g}}{n!} \,\,\epsilon ^{m_1\ldots m_{n}} \omega _{m_1\ldots m_n} = \frac{1}{n!} \omega _{m_1\ldots m_n} \text {d}x^1 \ldots \text {d}x^n. \end{aligned}$$\end{document}$$The Hodge dual of a *p*-form $\documentclass[12pt]{minimal}
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A.2 Complex manifolds {#Sec26}
---------------------

On a complex manifold the metric is Hermitian$$\documentclass[12pt]{minimal}
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                \begin{document}$$\det (g_{mn}) {=} g$$\end{document}$. In addition to the Hodge dual $\documentclass[12pt]{minimal}
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                \begin{document}$$\star $$\end{document}$, which contracts a (*p*, *q*) with a (*q*, *p*) form, on a complex manifold we can define a $\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha ,\beta $$\end{document}$ are two (*p*, *q*)-forms, then it is defined as$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \Omega = \frac{1}{3!} \Omega _{\mu \nu \rho } \text {d}x^\mu \text {d}x^\nu \text {d}x^\rho , \qquad ||\Omega ||^2 = \frac{1}{3!} \Omega _{\mu \nu \rho } {\overline{ \Omega }}^{\mu \nu \rho }, \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$||\Omega ||$$\end{document}$ is a coordinate scalar, and so a constant for a fixed manifold, but depends on parameters, denoted *y*. We can write$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \Omega _{\mu \nu \rho } = f(x,y) \epsilon _{\mu \nu \rho }, \qquad \epsilon _{123} = 1, \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$e_{\mu \nu \rho }$$\end{document}$ is the permutation symbol and *f*(*x*, *y*) is a holomorphic function of coordinates and parameters. $\documentclass[12pt]{minimal}
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                \begin{document}$$\epsilon _{\mu \nu \rho }$$\end{document}$ is not a tensor and consequently *f* transforms like $\documentclass[12pt]{minimal}
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B Spinors {#Sec27}
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B.1 Spinors in flat space {#Sec28}
-------------------------

### B.1.1 $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathfrak {so}}(9,1)$$\end{document}$ {#Sec29}

The Dirac representation of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathfrak {so}}(9,1)$$\end{document}$ is 32-dimensional. We denote the 32-dimensional $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathfrak {so}}(9,1)$$\end{document}$ gamma matrices and chirality operator . The Dirac spinor decomposes into two Majorana--Weyl representations $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${{\varvec{32}}} = {{\varvec{16}}}\oplus {{\varvec{16}}}'$$\end{document}$. Our notation will be that primed representations are negative chirality spinors; unprimed representations are positive chirality spinors.

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varepsilon $$\end{document}$ be Weyl spinor that is of positive chirality . As and both satisfy the same Lorentz algebra as , there are two similarity transformations preserving the Lorentz algebraunder which the spinor transforms to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varepsilon \rightarrow B_i \varepsilon $$\end{document}$. Hence, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varepsilon ^*$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$B_i \varepsilon $$\end{document}$ transform in the same way under Lorentz transformations, and we can define Majorana conjugation to be$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \varepsilon ^c = B_{(i)}^{-1} \varepsilon ^*, \end{aligned}$$\end{document}$$and the Majorana condition is $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varepsilon = \varepsilon ^c$$\end{document}$. Applying Majorana conjugation twice gives a consistency condition $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$B_i^* B_i = 1$$\end{document}$, no sum on the *i*, which must be satisfied. For $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathfrak {so}}(9,1)$$\end{document}$ it is possible to find both $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$B_{(1)}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$B_{(2)}$$\end{document}$ satisfying ([B.2](#Equ108){ref-type=""}) that also satisfy the consistency condition; this is not true for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathfrak {so}}(3,1)$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathfrak {so}}(6)$$\end{document}$. In the text we utilise $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$B_{(2)}$$\end{document}$, which, with our choice of basis, gives a manifestly consistent Majorana condition for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathfrak {so}}(3,1)\oplus {\mathfrak {so}}(6)$$\end{document}$.

We utilise the convention of complex conjugation of a pair of spinors interchanging their order without introducing a sign.
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The kinetic term for the Dirac spinor in terms of Weyl spinors ([B.6](#Equ112){ref-type=""})$$\documentclass[12pt]{minimal}
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B.4 Spinors charged under gauge symmetries {#Sec34}
------------------------------------------

Sometimes the spinors carry additional structure, for example being charged in a representation of $\documentclass[12pt]{minimal}
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B.5 Some useful spinor bilinears {#Sec35}
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C Some representation theory {#Sec36}
============================
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I would like to thank Xenia de la Ossa for explaining this choice of basis to me.

It is important to note that the derivation here and in \[[@CR5]\], no assumption is made about expanding around the standard embedding. $\documentclass[12pt]{minimal}
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An important open question is, when are singlet couplings are generated by worldsheet instantons? At least for vacua derived from linear sigma models, there are arguments that suggest that after summing over all worldsheet instantons all the singlet couplings vanish \[[@CR12], [@CR13]\]. Here we assume the vacua is well defined with a large radius limit, and so all singlet couplings vanish.
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We do not consider the universal multiplet, the $\documentclass[12pt]{minimal}
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The form of this integrand is due to Xenia de la Ossa who suggested to me in private conversation.

In the literature a different ansatz is proposed for the superpotential: After careful calculation one can check , and so there are no $\documentclass[12pt]{minimal}
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Many examples of relations involving complex structure do not hold for all $\documentclass[12pt]{minimal}
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We can phrase this in terms of tangent space indices, and then use the vielbein to go to coordinate indices, but for succinctness have skipped this step.

This charge assignment is determined by studying the Kähler transformations of the Kähler potential.under $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Omega \rightarrow \mu \Omega $$\end{document}$. As described in \[[@CR31]\], in order to couple $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$d=4$$\end{document}$ chiral fields to gravity preserving $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {N}=1$$\end{document}$ supersymmetry the fermions must transform, which in order for the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathfrak {so}}(9,1)$$\end{document}$ fermions to remain neutral, implies the transformation law ([B.21](#Equ127){ref-type=""}).

It is a pleasure to thank Philip Candelas, Emily Carter and Xenia de la Ossa for many interesting and helpful conversations related to this work. I would like to acknowledge the hospitality of Mathematical Institute, University of Oxford, where part of this work was completed. I am supported by STFC Grant ST/L000490/1.
